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Abstract Copulas are distribution functions with standard uniform univariate
marginals. Copulas are widely used for studying dependence among continuously
distributed random variables, with applications in finance and quantitative risk
management; see, e.g., the pricing of collateralized debt obligations [27]. The ability
to model complex dependence structures among variables has recently become
increasingly popular in the realm of statistics, one example being data mining
(e.g., cluster analysis, evolutionary algorithms or classification).

The present work considers an estimator for both the structure and the pa-
rameters of hierarchical Archimedean copulas. Such copulas have recently become
popular alternatives to the widely used Gaussian copulas. The proposed estimator
is based on a pairwise inversion of Kendall’s tau estimator recently considered in
the literature but can be based on other estimators as well, such as likelihood-
based. A simple algorithm implementing the proposed estimator is provided. Its
performance is investigated in several experiments including a comparison to other
available estimators. The results show that the proposed estimator can be a suit-
able alternative in the terms of goodness-of-fit and computational efficiency. Addi-
tionally, an application of the estimator to copula-based Bayesian classification is
presented. A set of new Archimedean and hierarchical Archimedean copula-based
Bayesian classifiers is compared with other commonly known classifiers in terms
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2 Jan Gorecki et al.

of accuracy on several well-known datasets. The results show that the hierarchical
Archimedean copula-based Bayesian classifiers are, despite their limited applica-
bility for high-dimensional data due to expensive time consumption, similar to
highly-accurate classifiers like support vector machines or ensemble methods on
low-dimensional data in terms of accuracy while keeping the produced models
rather comprehensible.

Keywords copula - hierarchical Archimedean copula - copula estimation -
structure determination - Kendall’s tau - Bayesian classification

1 Introduction

Studying relationships among random variables is a crucial task in the field of
knowledge discovery and data mining (KDDM). Having a dataset collected, the
relationships among the observed variables can be studied by means of an appro-
priate measure of stochastic dependence. Under the assumption that the marginal
distributions of the variables are continuous, Sklar’s Theorem [51] can be used to
decompose the joint multivariate distribution in two parts, the univariate marginal
distributions and the unique dependence structure, i.e., the copula of the joint
distribution. Thus, studying dependence among continuously distributed random
variables can be restricted without loss of generality to studying the underlying
copula.

Despite the fact that a large part of the success of copulas is attributed to
finance, copulas are increasingly adopted also in KDDM, where their ability to
capture complex dependence structures among variables is used. Applications of
copulas can be found in water-resources and hydro-climatic analysis [I3L30L3T35]
38], gene analysis [37[56], cluster analysis [111[32,[46] or in evolutionary algorithms,
in particular estimation of distribution algorithms [I7\[54]. For an illustrative ex-
ample, we refer to [30], which describes an application of copulas to detecting
weather anomalies in a climate change dataset.

For certain types of applications, hierarchical Archimedean copulas (HACs) are
a frequently used alternative to Gaussian copulas due to several desirable proper-
ties, e.g., HACs are not restricted to radial symmetry; HACs are expressible in a
closed form; they are able to model asymmetric distributions with tail dependence;
and HACs are able to model complex relationships while keeping the number of
parameters comparably small; see [23}27]. The last point is important from a data
mining point of view because models with a small number of parameters are more
easily understandable. Denoting the data dimension by d, on the one hand, if us-
ing Gaussian copulas, the number of parameters grows quadratically in d and the
obtained models can quickly become challenging from a computational point of
view. On the other hand, if using Archimedean copulas (ACs), the obtained models
contain only one parameter (provided an AC is based on a one-parametric gener-
ator), which is rarely feasible in real-world applications. In this context, HACs are
often a good trade-off between these two extremes and provide relatively simple
and flexible dependency models.

Despite the popularity of HACs, feasible techniques for their parameter and
structure estimation are addressed only in few papers. Most of them assume a given
hierarchical structure, which is motivated by applications in economics, e.g., [48]
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An HACs estimation approach 3

49]. On the contrary, in [50], only structure determination of a HAC is addressed.
We are aware of only one paper [43] that addresses both structure determination
and parameter estimation via a multi-stage procedure. That paper mainly focuses
on the estimation of the parameters using the maximum-likelihood (ML) tech-
nique and briefly mentions the inversion of Kendall’s tau as an alternative. For
structure determination, six approaches are presented. Two of them are based on
the inversion of Kendall’s tau, one on the Chen test statistic [8] and the remaining
three approaches on the ML technique. All but one approach lead to biased esti-
mators, which can be seen from the results of the reported study. The unbiased
estimator, denoted by 6rnr,, which shows the best goodness-of-fit (measured by
Kullback-Leibler divergence) in the study, is simply the maximum likelihood es-
timator based on initial values computed from one of the biased estimators. Due
to this construction, Ornp, often does not approximate the true parameters well
when the structure determined by the biased estimator is not the true structure.
The number of such cases rapidly increases in large dimensions, as we show later
in Section @

In the present work, we propose a new estimator for both the structure and
the parameters of HACs. On the one hand, this estimator is also a multi-stage
procedure where the structure and the parameters are estimated in a bottom-up
manner. On the other hand, it is based on the fact that a HAC can be uniquely
recovered from all its bivariate margins and thus allows to estimate the copula
parameters just from the parameters of the bivariate marginal copulas. Assum-
ing the true copula is a HAC, our estimator approximates the true copula closer
(measured by a selected goodness-of-fit statistic) than the previously mentioned
methods. Moreover, the ratio of structures properly determined using our esti-
mator is higher compared with the estimators mentioned above. Finally, avoiding
a time-consuming computation of initial values, we also gain computational ef-
ficiency. The experiments based on simulated data in Section {4| show that our
approach outperforms the above-mentioned methods with respect to goodness-of-
fit, the properly determined structures ratio and also the consumed run-time.

In addition, we consider Bayesian classifiers that are based on Gaussian cop-
ulas, ACs and HACs. When fitting those classifiers, efficient estimation methods
for a given copula class are needed. In the Gaussian and Archimedean case, such
estimation methods are known, whereas for HACs, we can now apply our proposed
estimator. We compare it with other copula-based Bayesian classifiers, as well as
with other types of commonly used classifiers.

The paper is structured as follows. The following section summarizes some
needed theoretical concepts concerning ACs and HACs. Section [3| presents the new
estimation approach for HACs, and Section [4] describes the experiments based on
simulated data. Section [5| presents a copula-based approach to Bayesian classi-
fication and includes an experimental comparison of several classifiers based on
real-world datasets. Section [f] concludes this paper.
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2 Preliminaries
2.1 Copulas

Definition 1 For every d > 2, a d-dimensional copula (shortly, d-copula) is a d-
variate distribution function on I (I = [0,1]), whose univariate margins are uni-
formly distributed on I.

Copulas establish a connection between joint distribution functions (d.f.s) and
their univariate margins, which is well-know due to Sklar’s Theorem.

Theorem 1 (Sklar’s Theorem (1959)) [51)] Let H be a d-variate d.f. with univariate
margins F1,...,Fy. Let A; denote the range of F;, A; := F;(R),j = 1,...,d,R :=

R U {—o00,4+00}. Then there exists a copula C such for all (z1,...,xq) € ﬁd,

H(z1,....2q) = C(Fi(z1),..., Fg(zq)). (1)

Such a C' is uniquely determined on A1 X...x Ag. Conversely, if F1, ..., Fy are univariate
—d

d.f.s, and if C is any d-copula, then the function H : R™ — 1 defined by s a d-
dimensional distribution function with margins Fy, ..., Fy.

Through Sklar’s Theorem, one can derive for any d-variate d.f. with con-
tinuous margins its unique copula C using . C is given by C(u1,...,uq) =
H(F[ (u1),..., Fy (uq)), where F, i € {1,...,d}, denotes the pseudo-inverse of F;
given by F, (s) = inf{t | F;(¢t) > s},s € L. Implicit copulas are derived in this
way from popular joint d.f.s, e.g., the popular class of Gaussian copulas is derived
from multivariate normal distributions. However, using this process often results
in copulas which do not have a closed form, which can be a drawback for cer-
tain applications, e.g., if explicit probabilities and thus copula values have to be
computed.

2.2 Archimedean Copulas

Due to their explicit construction, Archimedean copulas (ACs) are typically ex-
pressible in closed form. To construct ACs in arbitrary dimensions, we need the
notion of an Archimedean generator and of complete monotonicity.

Definition 2 An Archimedean generator (shortly, generator) is a continuous, non-
increasing function 1 : [0,00] — [0, 1], which satisfies ¥(0) = 1,9 (00) = lim;— o
¥(t) = 0 and which is strictly decreasing on [0,inf{¢ | ¥ (¢) = 0}]. We denote the
set of all generators by w. If ¢ satisfies (—1)* f¥)(¢) > 0, for all k € N,t € [0, 00),
1 is called completely monotone. We denote the set of all completely monotone
generators by Veo.

Definition 3 Any d-copula C is called an Archimedean copula (we denote it d-AC)
based on a generator ¢ € ¥, if it admits the form

C(u) := Clu;ep) := (v (u1) + .. + ¥ (ug)),u € I¢, (2)

where 171 : [0,1] — [0, 0] is defined by ™! (s) = inf{t | ¥(t) = s},s € L.
A condition sufficient for C' to be indeed a proper copula is 1) € ¥o; see [40].
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An HACs estimation approach 5

Table 1 Completely monotone (c.m.) one-parametric Archimedean families from [42] p. 116]
considered in this paper. The table contains the corresponding families, the parameter ranges
and the sufficient nesting condition for two generators from the same family (see Section 2.3
in [23]). The sufficient nesting condition involves generators ¢ and 2 from the same family
with parameters equal to 61 and 63, respectively.

Family 0 P(t) (%7 Toapa) (t) cm.
Clayton (C) (0, 00) Q+t)-1/e 6, < 02
Frank (F) (0,00)  —log(l— (1 —e %) exp(—t))/0 01 < 02
Gumbel (G) [1,00) exp(—t'/?) 01 < 02

As we can see from Definition [3] if a random vector U is distributed according
to some AC, all its k-dimensional marginal copulas are equal. Thus, e.g., the
dependence among all pairs of components is identical. This symmetry of ACs is
often considered to be a rather strong restriction, especially in high dimensions;
see [26] for a discussion and possible applications.

To obtain an explicit form of an AC, we need ¢ and ¥~ to be explicit; many
such generators can be found, e.g., in [42]. In this paper, we use the three well-
known parametric generators of the Clayton, Frank and Gumbel families; see Table
We selected these three families of generators because of two reasons. The first
reason relates to flexibility of these families to model tail dependence in pairs of
random variables, as this is a copula property. The Clayton family allows lower tail
dependence in a pair (being upper tail independent), the Gumbel family allows
oppositely upper tail dependence in a pair (being lower tail independent), and
models from the Frank family are both lower and upper independent, similarly to
Gaussian copulas; see [22] p. 43]. The second reason is that this choice allows for
a comparison of our results with the results in [43] and [28]. More precisely, in
[43], HAC estimation experiments involving HACs based on Clayton and Gumbel
generators are reported; these experiments relate to our experiments described
in Section {4 In [28], a visual representation of a HAC structure involving Frank
generators obtained from the Iris dataset is presented; this tree-like representation
relates to our dendrogram-like representation described in Section

2.3 Hierarchical Archimedean Copulas

To allow for asymmetries, one may consider the class of HACs (also called nested
Archimedean copulas), recursively defined as follows.

Definition 4 [23] A d-dimensional copula C is called a hierarchical Archimedean
copula if it is either an AC, or if it is obtained from an AC through replacing some
of its arguments with other hierarchical Archimedean copulas. In particular, if C
is given recursively by for d = 2 and

C(w; 1, s ba—1) = ¥1(¥1 " (u1) + o7 (Cluz, ooy ugs ¥a, oy ba—1)))u € I, (3)

for d > 3, C is called fully-nested hierarchical Archimedean copula (FHAC’E with
d—1 nesting levels. Otherwise, C'is a partially-nested hierarchical Archimedean copula
(PHACP]

1 also called fully-nested Archimedean copula
2 also called partially-nested Archimedean copula



180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

Jan Gorecki et al.

Clsv)

C (1)

Fig. 1 Tree-like structure of a 3-FNAC.

Remark 1 We denote a d-dimensional HAC as d-HAC, and analogously d-FHAC

and d-PHAC.

From the definition, we can see that ACs are special cases of HACs. The most
simple proper 3-HAC is a two-level FHAC given by

C(u;1,v2) = Cluy, C(uz,u3;v¥2); 1)

P1(py Hua) + (2 (vs H(u2) + vy N (us))), ue . (4)

and its structure can be represented via a tree-like graph; see Figure
Assume that a random vector (Ui, Usz,Us) is distributed according to the 3-
FHAC given by , i.e., (Ul,UQ,Ug) ~ C(u; ¢1,¢2). Then C(ul,ug,1;¢1,¢2) =

C(ur,u2;91), Clu1, 1,uz;91,v%2) = C(ur,us; 1) and C(1, uz, uz; ¥1,v¥2) = C(uz, u3; h2)

for all w1, u2,us € I. This means that this 3-FHAC involves two different bivariate
marginal copulas, the 2-AC based on %1, which is the distribution of the pairs
(U1,U2) and (U1, Us), and the 2-AC based on 12, which is the distribution of the
pair (Us2,Us). The asymmetry of this 3-HAC is a motivating example for nesting
of ACs. The theoretical soundness of nesting is addressed in Theorem [2]

As in the case of ACs, we can ask for sufficient conditions for the function C
given by to be a proper copula. An answer to this question is provided by
the following theorem. Note that another important result concerning stochastic

representation of HACs is provided by Theorem 3.2 in [24].

Theorem 2 (McNeil (2008)) [39] If¢j € ¥o,j € {1,...,d—1} such that 77/1;;107/%+1
have completely monotone derivatives for allk € {1,...,d—2}, then C(w;¥1, ..., ¥q_1),

uE ]Id, given by (@ is a copula.

Theorem [2] is stated only for fully-nested HACs, but it can be easily trans-
lated to partially-nested HACs. The condition for (z/)gl otry1) to be completely
monotone is often called a sufficient nesting condition.

Any d-HAC structure can be expressed as a tree with & < d — 1 non-leaf nodes
(shortly, nodes), which correspond to the generators 1, ..., ¥y, and d leaves, which
correspond to the variables u1, ..., u4. If the structure corresponds to a binary tree,
then k = d — 1, otherwise &k < d — 1. For the sake of simplicity, we assume only
binary-structured HACs in the following. A binary-structured HAC is a HAC with
the structure which corresponds to a binary tree and for each parent-child pair of
generators (1;,1;) in the structure holds that ¢; # v;.
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(12)(3(45)) ‘ Z1((23)(45))

212 23(45) —‘ ’7 Z(23)(45) “
245 b 223 245 r

Fig. 2 Two 5-PHAC structures denoted by ((12)(3(45))) and (1((23)(45))) are depicted on
the left and on the right side, respectively.

Similar to any 2-AC being determined by its corresponding generator, we iden-
tify each node in a HAC structure with one generator. Thus we always have the
nodes 1, ...,¢4_1. For a node v, denote by D(7)) the set of all descendant non-leaf
nodes of ¢, D; the set of all descendant leaves of v, A(¢) the set of all ancestor
nodes of v, H;(¢) the left child of ) and H, () the right child of . Next, let z be
a non-leaf node or a leaf, and, assuming z is not the root of the structure, denote
by P(z) the parent node of z.

For simplicity, a d-HAC structure s is denoted by a sequence of reordered in-
dices {1, ...,d} using parentheses to mark the variables with the same parent node.
For example, the structure of the copula given by is denoted as (1(23)). The
inner pair of parentheses corresponds to the variables wug,us, for which P(ug2) =
P(u3z) = 2. As ug,us are connected through their parent, we can introduce a
new variable denoted by z23, which represents the variables wuo,us and is de-
fined by 223 = C(us2,us;12). Then translates to ¥ (] *(u1) + ] *(223)) =
C(u1, z23;91), and thus the outer pair of parenthesis in the notation of the struc-
ture corresponds to the variables w1, z23, for which P(u1) = P(z23) = 1. The
structure of the 4-FHAC according to Definition |4] is therefore s = (1(2(34))), for
the 5-FHAC, s = (1(2(3(45)))), etc. Analogously, for PHACs, s = ((12)(3(45)))
and s = (1((23)(45))) denote the structures depicted on the left-hand and on the
right-hand side in Figure [2] respectively.

When using HACs in applications, there exist many possible structures, for
example for d = 10, more than 280 millions structures exist (including also non-
binary ones) and each 10-HAC can incorporate up to 9 parameters (using only
one-parametric generators, possibly from different families). On the one hand,
choosing the model (structure and parameters) that fits the data best is a much
more complex relative to the case when using ACs which have just one structure.
On the other hand, this complexity is compensated by a substantially higher flex-
ibility of obtained models. Due to the asymmetry in HAC-based models (different
dependencies in pairs of variables are allowed), these models fit most data better
than AC models, which is illustrated by the experimental results presented below
in Section [5| There, different copula-based Bayesian classifiers are evaluated in
terms of accuracy and, due to the flexibility of HAC models, the Bayesian clas-
sifiers based on HACs mostly score higher than the Bayesian classifiers based on

ACs .



244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

8 Jan Gérecki et al.

To derive an explicit parametric form a d-HAC C, we need explicit parametric
forms for the generators i1, ...,194_1, which involve the parameters 61, ...,04_1,
respectively, and its structure s. Due to this, the copula C is also denoted by
Cy.0;s(u1,...,uq) in what follows. For example, the 3-HAC given by can be
denoted by Cy, 4, .0,.0,;(1(23)) and its parametric form, assuming, e.g., both of its
generators 11,2 to be Clayton generators, is given by

_aN 0 01
C¢17¢2791792;(1(23))(u1’u2’uS) = <<(u2_92 +u3_02 B 1) 92> +u1_91 - 1) '

(5)

2.4 Kendall’s tau and an extension to more than two dimensions

Let (X1,Y1) and (X2,Y2) be independent copies of a random vector (X,Y). Then
the population version of Kendall’s tau is defined as the probability of concordance
minus the probability of discordance, i.e.,

T=TXYy = ]P((Xl — X2)(Y1 — Yg) > 0) — ]P)((Xl — Xg)(Yl — YQ) < 0). (6)

It can be shown, see, e.g., [13], that
(©) :4/ O, us)dC(ur, uz) — 1, (7)
HQ

so 7 depends only on the copula of (X,Y). If C is a 2-AC based on a twice
continuously differentiable generator ¢ with ¢ (¢) > 0 for all ¢ € [0, 00), Kendall’s
tau can be represented as [29, p. 91], [42] p. 163]

() =7(C(¢)) =1 - 4/00015(11)’(7:))2(# =1- 4/0 %dt. (8)

Hence, states a relationship between 6 and 7, which can often be expressed in
closed form. For example, if C is a Clayton copula, see Table we get 7 = 60/(0+2)
(the relationship between 6 and 7 for other generators can be found, e.g., in [22]).
The inversion of this relationship establishes a method-of-moments-like estimator
of the parameter 6 given by O = Tﬁl(Tn), based on the empirical version 7, of 7,
given by

4 n
™= n(n —1) ( Z 1{(%11—ujl)(uiz—u.12)>0}> -1, (9)

i=1,j=1

where (ue1,ue2) denotes a realization of n independent and identically distributed
(i.i.d) copies of (U1,Uz) ~ C; see [16]. Since we do not observe realizations from
C directly, note that 7 can be computed based on the realizations of (X,Y). If
7(6n) = 7 has no solution, this estimation method does not lead to an estimator.
Unless there is an explicit form for 771, Oy, is computed by numerical root finding
[26].

This estimation method can also be generalized to ACs when d > 2, see [4]
264[34.[49]. One of the methods proposed in [4,[49] uses a sample version of the
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Kendall correlation matrix. Denote by (7;;) = (7x, x,)i; the population version of
the Kendall correlation matrix for continuous random variables Xy, ..., X;. Note
that (TXi,Xj)ij = (TUi,Uj)ija where I (Xl) = Ul, ceey Fd(Xd) = Ud. Similarly, denote
the sample version of Kendall correlation matrix by (7;;), where 7;; denotes the
sample version of Kendall’s tau between the i-th and j-th data column. Then 6 is
estimated by

O =171 < (g) B 13%3;{}). (10)

As can be seen, the parameter is chosen such that the value of Kendall’s tau equals
the average over all pairwise sample versions of Kendall’s tau. Properties of this
estimator are not known and also not easy to derive since the average is taken over
dependent data columns [33]. However, simulations conducted in [26] suggest con-

sistency of this estimator. Moreover, (g)i Zl<i<j<d 7;; is an unbiased estimator
of 7(0). This is an important property and we transfer it later to an estimator that
we use for the structure determination which we base on appropriately selected
pairwise sample versions of Kendall’s tau.

For applying this generalized estimation approach to HACs, we define a gener-
alization of 7 for m (possibly > 2) random variables (r.v.s) based on the following
notation. Let I,J C {1,....d}, I #0, J#0, (U,...,Uy) ~ C and C be a d-HAC.
Denote a set of pairs of r.v.s by Uy ; = {(U;,Uj)|(4,4) € I x J} and a set of pairs of
data columns by uy; = {(uei, Ue;)|(¢,7) € I X J}, where uq;, ue;jdenotes realizations
of (Ui, Uj).

Definition 5 Any function g : I¥ — I,k € N, satisfying 1) g(u,...,u) = u for all
weland 2) g(up,, ..., upy ) = g(u1,...,uy) for all uq,...,ux, € I and all permutations
(p1, .-, px) of (1,...,k) is called an I-aggregation function.

Exa}fnples of I-aggregation functions are the functions max, min or mean restricted
to I”.

Definition 6 Let g be an [-aggregation function. Then define a g-aggregated Kendall’s
tau (or simply an aggregated Kendall’s tau) 79 as

9(u _ 7'(UZ‘,UJ‘)7 if I = {'i},J = {j}7 11
7(U11) {g(T(Uil,Ujl),T(Uil,sz),...,T(Uil,qu)), otherwise, (1)

where I = {i1,...,4;},J = {j1, ..., Jq} are non-empty disjoint subsets of {1, ...,d}.

Note that the sets I and J are assumed to be disjoint because we are interested
only in the values of Kendall’s tau for bivariate margins of a HAC. For example,
if I ={1,2} and J = {2,3}, then 79(Uy;) would involve 7(Uz, Us), which is not
related to any bivariate margin of a HAC.

As the aggregated 79 depends only on the pairwise 7 and the aggregation
function g, we can easily derive its empirical version 77 by substituting 7 in 79 by
its empirical version 7, given by @ Analogously to the case of ACs, the parameter
can then be estimated as 6, = 7~ *(4). This is further explained in Remark [3| of

Section 311
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2.5 Goodness-of-fit tests

Assume i.i.d. random vectors X; = (X1, ..., X;q), ¢ € {1, ...,n}, distributed accord-
ing to a joint distribution function H with continuous margins Fj, j € {1, ...,d}, and
the binary-structured HAC C generated by one-parametric generators 1, ..., g_1-
All generators v1,...,94_1 are assumed to belong to a one-parametric family of
generators (e.g., to one of the families listed in Table [I]) and their parameters are
denoted by 61, ...,04_1.

Once we have the parameters estimated, we can ask how well our fitted model
fits the data. This can be done using methods known as goodness-of-fit tests (GoF
tests). In the following, we recall three GoF tests based on statistics that are
analogues to Cramér-von Mises statistics [10]. A large value of such statistics leads
to the rejection of Hp : C' € Cp, where Co = {Cy : 6 € O} and O is an open subset
of RP, p > 1. Thus for measuring the fitting quality of copula models, we can,
informally, assess copula models with lower value of such statistics as “better”.

Now consider that, if the margins F;, j € {1, ...,d}, are known, U;; = F;(Xj;), i €
{1,...,n},7 € {1,...,d}, is a random sample from C. In practice, the margins are
typically unknown and must be estimated parametrically or non-parametrically.
In the following, we will work under unknown margins and thus we consider the
pseudo-observations
. Ry

Uij = Fni(Xij) = P (12)

n
n—+1
where Fn,j denotes the empirical distribution function corresponding to the jth mar-
gin and R;; denotes the rank of X;; among X, ..., X;;;. The information contained
in pseudo-observations is conveniently summarized by the associated empirical dis-
tribution given by

1 n
Cn(u) = - Z Ly, <urye Uia<ua} (13)
i=1

where u = (u1,...,uq) € 1. This distribution is usually called “empirical copula”,
though it is not a copula except asymptotically [15].
The first GoF test is based on the empirical process

Cn = Vn(Cn — Cy,), (14)

and uses a rank-based version of the Cramér-von Mises statistics
S = [, Calw)dCaw) = Y- (Calu) = o, (0. (15)
1 i=1

Large values of this statistic lead to the rejection of Hy : C € Cp. It is shown in
[14] that the test is consistent, i.e., if C' ¢ Co, then Hy is rejected with probability
approaching 1 as n — oo. Appropriate p-values can be obtained via specially
adapted Monte Carlo methods described in [I5].

The second GoF test, proposed in [13], uses a probability integral transforma-
tion of the data, the so-called Kendall’s transform

X V= H(X) = C(lh, ..., Uy), (16)
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where (Ui, ...,Ug) ~ C; see [15]. Let K denote the univariate d.f. of V and Uy, ..., Uy,
the pseudo-observations U; = (7%11, e f—ﬁ), i € {1,..,n}. Then K can be esti-
mated nonparametrically by the empirical distribution function of a rescaled ver-

sion of the pseudo-observations Vi = Cy,(U1), ..., Vi, = Cn(Uy) given by

1 n
En(v) = =) 1{y<op vEL (17)
i=1
which is a consistent estimator of the underlying distribution K. Under Hp, U =
(U1, ...,Uyg) is distributed as Cy for some 6 € O and hence Cy(U) ~ Ky. One can
then test

Hy: K €Ko={Kp:0c O} (18)

based on K, = /n(Kn — Ky, ), where Ky, denotes the distribution function of
Cy, (U). Generally, because Hyo C H) the nonrejection of Hj does not entail the
nonrejection of Hy and consequently, the consistency of the above tests using
does not imply the consistency of the tests using Kn, = /n(Kn — Kp, ). But, in
the case of bivariate ACs, H} and Hp are equivalent; see [I5]. As we are mainly
interested in 2-ACs as building blocks of HACs, this test is thus convenient for our
purposes. The specific statistic considered in [I3] is a rank-based analogue of the
Cramér-von Mises statistic

S = / K, (v)2dKy, . (19)
I

This statistic can be easily computed as follows [13]:

n—1 . . .
0 e SR (2) )
3 — n n n n\ n

Jj=

SER @ (E) ()

The third GoF test (proposed in [I5]) is based on another probability integral
transform - namely on the Rosenblatt’s transform, which is a mapping Ry : (0,1)? —
(0, 1)d such that e; = u; and for each j = 2,...,d,

I 0 (ury ey ujy 1,00 1) /I O (uny ey ujy, 1,y 1)
e; = .
J out...uj—1 ouq

< Uj—1 (21)
A crucial property of Rosenblatt’s transform is that U ~ Cjy if and only if the
distribution of Ry(Cy) is the d-variate independence copula Crp(u) = uiusg...ug; see,
e.g., [I5]. Thus for all @ € O, Hy : Cy € Co is equivalent to Hy : Rg(U) ~ Cypy.

To test H{, we can therefore use the fact that under Hy, the transformed
pseudo-observations E1 = Rg(U1), ..., En = Rg(Uy), can be interpreted as a sam-
ple from the independence copula Cp7. Defining the empirical distribution function
on Eq,...,E, as

1 n

i=1
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it should be close to Cj; under Hy. Cramér-von Mises statistics based on Rosen-
blatt’s transformation are given by

S = n /ﬂd (Da(w) = Cr(w)*dDn(w) = S {Da(B) ~ Cr(B)}Ys (23)

see [I5]. All three test statistics performed well in a large scale simulation study
conducted at [I5] in the bivariate case. We choose them as good candidates for
our purpose of goodness-of-fit testing.

We now introduce a g-aggregated statistic that will be used for the GoF assess-
ment of d-HAC estimates in Section [l

Definition 7 Let C be a d-HAC, g be an I-aggregation function and 2Sn ((tei, tej), C2(-;9))

be the statistic corresponding to a GoF test, e.g., Sp, ST(lK) or Sy(lc), for a bivariate
copula Ca(u1,u2;v) and a pair of data columns (ue;, ue;). A g-aggregated statistics
259 is

258 (o1, .., Uag; C) = g(25n((te1,ue2), C12), 25n((te1,ue3),C13), ...,
251 ((Ue1;Ued)s C1d)s 25n((ue2,ue3), C23), ...,

251 ((ue2, Ued); C2d); s 250 ((Ued—1,Ued), Cla—1)d));
(24)

where C;;,1 <1 < j < d, are the bivariate marginal copulas of C.

We employ g-aggregated statistics in order to simplify the computation of
Sr(lK) and S,(LC) for d > 2. Considering the S,(LK) statistic, the main difficulty in its
computation consists in expressing Ky . For d = 2, given a 2-AC C(-; vy, ), where
1)y, denotes a generator with a parameter 6,, Ky is the bivariate probability

-1
(1;}&;:17%; see [16].
However, for d > 2 and particularly for HACs, the complexity of Ky, dramatically
increases. In [44], its computation is addressed for HACs, however, the authors
restrict only to FNACs, which rarely occurs in our experiments, and, even for
FHACSs the obtained formulas involve multivariate integration that substantially
increases the complexity of their application.

integral transform, which can be easily computed as Ky, (t) =t—

Considering the statistic S’,(LC), the main difficulty in its computation consists
in expressing e;, for j = 2, ..., d, given by . Observe that ey includes d—1 partial
derivatives of Cy, thus its complexity quickly grows in d and the time consumption
of its computation exceeds reasonable limits already for d = 6, particularly for fam-
ilies with a more complex generator, e.g., for the Frank family. Using g-aggregated
statistics, computations for d > 2 are substantially simplified.

2.6 Okhrin’s algorithm for the structure determination of HAC
We recall the algorithm presented in [44] for the structure determination of HACs,

which returns the structure for some unknown HAC C using only the known forms
of its bivariate margins. The algorithm uses the following definition.
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Definition 8 Let C be a d-HAC with generators v1,...,44_1 and (U1,...,Uy) ~ C.
Define Ue () = {z € {1,...,d} | there exists j € {i + 1,...,d} such that (U;,U;) ~
Clivp)}, k=1,...,d—1.

Note that (U;,U;) ~ C(;4y) if and only if (U;, Uj) ~ C (-5 ¢).

Proposition 1 [19] Defining Uc(u;) = {i} for the leaf u;, 1 < i < d, there is a
unique disjoint decomposition of Uc(y) given by

Uc (i) = U (Hi (i) Ulc (Hr (Y1) (25)

For an unknown d-HAC C with all bivariate margins known, its structure can
be easily determined using Algorithm [1] We start from the sets Ug (u1), ..., U (ug)
joining them together through until we reach the node + for which U (v) =

{1,...,d}.

Algorithm 1 HAC structure determination [19)

Input:

1) uC(wl)v "'7“0(#’(171)»
) T={1,..d—1}

while Z # 0 do
1. k = argmin;c 7 (#Uc (;)), if there are more minima, then choose one of them.
2. Find the nodes vy, ¥, for which Uc (vr) = Uc (1) UUc (7).
3. Hi(Yr) = 1, Hr (Y1) := Pr.
4. Set T := Z\{k}.
end while

Output:
The structure stored in H;(¢¥g), Hr(Yr),k=1,...,d — 1

2.7 Example

We illustrate Algorithmfor a 5-HAC given by C(C(u1,u2;92), C(us, C(u4, us;a);
¥3);01) = Cy, i ((12)(3(45))) (U1, -, us). The structure of this copula is depicted
on the left side in Figure |2 and its bivariate margins are:

(Ur,U2) ~ C(;3¢2),  (U1,Us) ~C(591), (Ur,Us) ~ C(591),
(U1,Us) ~ C(5541), (U2,U3) ~C(5¢1), (Uz,Us) ~ C(:591),
(U2,Us) ~ C(;591),  (Us,Us) ~ C(;593), (Us,Us) ~ C(;;93),
(Us,Us) ~ C(59a).

Now assume that the structure is unknown and only the bivariate margins are
known. We see that U (1) = {1,2,3,4,5}, Uc (v2) = {1,2}, U (vs3) = {3,4,5}, Uc
(4) = {4, 5}. For the leaves u1, ..., us, we have Uc (u;) = {i},: = 1,...,5. In Step 1 of
Algorithm [1} there are two minima: k = 2 and k = 4. We arbitrarily choose k = 4.
As Up(ha) = Up(ua) Ul (us), we set Hy(ha) := ua and H,(1p4) := us in Step 3.
In Step 4, we set Z = {1,2,3,5}. In the second loop, k = 2. As U (2) = Uo(u1) U
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Uc (uz2), we set Hi(12) := u1 and Hr(y2) := ug in Step 3. In the third loop, we
have k = 3. As U (¢3) = Uc (uz) Ul (a), we set Hy(¢3) := uz and Hr(¢3) 1= 14
in Step 3. In the last loop, we have k = 1. As Ux (Y1) = Uc(h2) Ul (3), we set
H;(v1) := 2 and Hy(¥1) := 93 in Step 3. Observing the original copula form and
Figure [2| we see that we have determined the correct structure, which is stored in
Hi(r), He(Pr), k=1, ..., 4.

3 Our Approach
3.1 HAC structure determination based on Kendall’s tau

According to Theorem [2] our goal is to build the HAC such that the sufficient
nesting condition is satisfied for each generator and its parent in a HAC structure.
The sufficient nesting condition typically results in constraints on the parameters
01,02 of the involved generators 11,2; see, e.g., Table[l]or [23]. As 6;,i = 1,2 is
related to 7 through , there is also an important relationship between the values
of 7 and the HAC tree structure following from the sufficient nesting condition.
This relationship is described for the fully-nested 3-HAC (4]) in Remark 2.3.2
in [22]. There, it is shown that if the sufficient nesting condition holds for the
parent-child pair (¢1,12), then 0 < 7(¢1) < 7()2). We generalize this statement
as follows.

Proposition 2 Let C be a d-HAC with the structure s and the generators 1, ..., Wq_1,
where each parent-child pair satisfies the sufficient nesting condition. Then 7(v;) <
7(¢;), where ¢; € D(¢;), holds for each ¥;,i =1,...,d — 1.

Proof As v; € D(¢;), there exists a unique sequence vy, , ..., ¥, , where 1 < kp, <
d—1, m=1,.,0, 1<d—1, ¢y, =, by, =b; and p_y = P(¢y) for k=2, ...,1.
Applying the above mentioned remark for each pair (¢Y5_1, Vi), k = 2,...,1, we
get T(p, ) < . < 7(1hg,)- 0

Thus, having a branch from s, all its nodes are uniquely ordered according
to their value of 7 assuming unequal values of 7 for all parent-child pairs. This
provides an alternative algorithm for determining the structure of a HAC. We
assign generators with the highest values of 7 to the lowest levels of the branches
in the structure. Ascending higher up in the tree we assign generators with lower
values of 7. Now consider the following definition and proposition.

Definition 9 Let C be a d-HAC and u;, u; are two different leaves from the struc-
ture of the d-HAC. Then we call youngest common ancestor of u;,u; (denoted
Ay (ui,uj)) the node ¢, for which (¢ € A(u;) NA(uy)) A (A(u;) NA(u; )ND () = 0).

Remark 2 Let 1 be a generator from a d-HAC structure, u; € D;(H;(¢)) and
u;j € Dy(Hr(¢)). Then Ay(u;,uj) = .

Note that due to clear correspondence of the variables in a d-HAC and the
leaves in the structure of the same d-HAC, both the variables and the leaves are
denoted by the same uy,...,uq. This can be made without a worry to confuse the
reader.
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Proposition 3 Let C' be a d-HAC with the structure s with generators 11, ...,%0q_1.
Then

C(l, ey g, 1,0 1,'LLj, 1,..,,1) = C(ui,uj;Ay(ui,uj)), 1<i<j<d. (26)

Proof The proof is leaded by induction. Let d = 2. Then C(u1,u2) = C(u1, u2; 1),
i.e., the leaves u1 and wug are the children of ;. It implies that (¢1 € A(ui) N
A(u2)) A (A(ur) N A(uz) N D(Y1) = 0) and thus 1 = Ay(u1,u2) according to
Definition [

Assume d > 3 and that holds for d — 1, d — 2, ..., 3. Start denoting the
root node of s as 1n,. The bivariate marginal copula of C corresponding to vari-
ables u;,u; is C(1,...,1, u3, 1, ..., 1, uj, 1,..., 1591, ..., 941 ). To simplify notation, we
show in each involved inner HAC only the generator corresponding to the highest
node in its structure. Thus, for the bivariate marginal copula, we simplify its no-
tation to C(1,...,1, w3, 1,..., 1, u4,1,...,1;...,¢m,...). Note that C(1,...,1) = 1 and
c(@,...,1,u,1,...,1) = u,u € I for an arbitrary copula C.

If H;(¢m) = ug, k = 1,...,d, we just formally define 1; = uy and C(-;¢;) = ug.
If Hr(Ym) = up, k =1, ...,d, we also just formally define ¢, = uj, and C(-;¢r) = uy.
Although neither C(-;1;) nor C(-;%,) are copulas, this will simplify the notation
used in the proof. In other case, we set ¥, = H;(¢¥m),¥r = Hr(m). Now, we
distinguish the three following situations:

1. Ifu; € Dl(wl) and u; € Dy (¢r), then C(C(1, ..., 1L us, 1,y 15 9y, 00, C(L, .00 1,
uj, 1, 1 e, )5 ¥m) = Cug, uj; m). As ¥m = Ay(u;,uj) (Remark , the
statement holds.

2. If {ui,uj} C Dz(¢z), then C(C(l S Liug, 1, ,1,uj, U B ,wl,...), (1,...,
Lo tr, o )sm) = C(1, ., L ug, 1,0, 1wy, 1,1 15 L 4y, ). Since the tree rooted

in +; has less leaves than the tree rooted in ¢m, for C(1, ..., 1,u;, 1, ..., 1, uj, 1, ..., 1;
<y Py, ...) we already know that holds, thus it holds also for C(1, ..., 1,u;, 1, ...,
Luj, 1o 1 ooy oy o).
3. If {ui,uj} C 'Dl('l,br) then C(C( g eeey ,. ,1[)[, . .), C(l, ceey 1,ui, 1, ceey 1,11,_7', 1, ceey 1;
Yry )i m) = C(1, o, Lug, 1, 1, uj, 1,...,1;..,9r,...). Since the tree rooted in
r has less leaves than the tree rooted in ¢m, for C(1,..., 1, u;, 1, ..., 1, uy, 1, ..., 1;
ey Py o) WE already know that holds, thus it holds also for C(1,...,1,u;, 1,
e Lug, 1 1 m, ). |
Thus (U;,U;) is distributed according to the 2-AC C(-; Ay(u;,uy)) for all 4,5 €
{1,...,d}, i # j. This fact allows to prove the following proposition.

Proposition 4 Let C be a d-HAC with the generators ¥1,...,q_1, (U1,...,Uq) ~ C
and (7;5) be the population version of the Kendall correlation matriz of (Ut,...,Uyg).
Then, given k € {1,...,d — 1},

T(Yr) = 7ij (27)
for all (ui,uj) € Dy(Hi(Yr)) x Di(Hr(¢r))-

Proof Recall that 7;; = 7y, v, and 7(¢y) = 7(C(;¢)) by definition and let &k €
{1,...,d—1} and (uj, u;) € Dy(H;(¢r)) x Dy (Hr(¢y;)). Using Proposition [3} it implies
(Ui, Uj) ~ C(+; Ay(us, uj)). As ¢ = Ay(u;,uj) according to Remark [2] it follows
that (Ui, Uj) ~ C(:;4). Hence, 1y, v, = 7(C(;;¢r))- O

)
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Algorithm 2 HAC structure determination based on 7

Input:
)7I= {1 ,d},
2) (Ul, aUg) ~ C,
3) 79 ... an aggregated Kendall’s tau with an I-aggregation function g,
4) 2k = ug, Uo(ze) ={k}, k=1,...,d

The structure determination:
fork=1,...,d—1do
L (i,j) := i*<j3f§*né§§*€ITg(ch(zi*)uc(z,-w)
2. Uc(zask) := Uc(zi) Ulc (2;)
3. T:=ZUu{d+k}\{i,j}
end for

Output:
Uc(Yr) = Uc(zavk) bk =1,...,d—1

Remark 3 It holds that ’T(’lbk) = Tg(UDl(HL(I/)k))XDL(Hr(wk))) for a d-HAC C and
for each k = 1,...,d — 1. This is because, given k € {1,...,d — 1}, the values of 7;;
for (ui,u;) € Dy(Hi(r)) x Di(Hr(1y)) are all equal to 7(¢y,), see Proposition [4]
and g(u,...,u) =u for all u € I.

Computing (¢ ),k = 1,...,d—1, according to Remarkamd using Proposition
[2]leads to an alternative algorithm for HAC structure determination; see Algorithm
This algorithm can be used for arbitrary d > 2 (see [19] for more details including
an example for d = 4). It returns the sets Uc(¢y), k = 1,...,d — 1. Passing them
to Algorithm |1} we avoid the computation of Ugx (), k =1,...,d — 1 in Definition
and we get the requested d-HAC structure without having to know the forms
of the bivariate margins. Assuming a parametric family for each vy, the 6 — 7
relationship for the given family can be used to obtain the parameters, i.e., 0 =
T;l(T(’L/Jk)), k=1,...,d—1, where Tgl denotes this § — 7 relationship, e.g., for the
Clayton family 7, '(r) = 27/(1 — 7). In other words, assuming (Ui, ...,Ug) ~ C,
where C is a d-HAC with one-parametric generators v1,...,%4_1 from the same
family, if C' is unknown but the population version of the Kendall correlation
matrix (7;;) is known, both structure and parameters of C' can be obtained from
(7i5) using Algorithms |1] and [2| Based on the empirical version of the Kendall
correlation matrix, we thus obtain the following approach for both determining
the structure and estimating parameters of C.

3.2 Structure determination and parameter estimation of a HAC

Using 7 instead of 79, we can easily derive a new approach for structure de-
termination and parameter estimation of a HAC from Algorithms [I] and [2] The
approach is summarized in Algorithm I The algorithm returns the parameters
61,...,04_1 of the estimate C and the sets U » (), k=1,..,d — 1. Passing the sets
to Algorithm |1} we get the requested C structure.

From Algorithm [3] the reader can see our motivation for basing the estimation
process on Kendall’s tau. Firstly, the matrix (r, j) is computed in order to determine
the structure of a HAC. Then, the computed values of (7;;) are reused for the
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Algorithm 3 HAC structure and parameter estimation

Input:
1) (73) ... the sample version of the Kendall correlation matrix,
2) g ... an [-aggregation function,
3)I=1{1,..,d},
4) z; = ug, Up(z;) = {i}, 6; =00, i=1,..,d,
)

5) Archimedean family based on a generator v, and the corresponding 71

Estimation:
for k=1,...,d—1do
L (i,j) == _ argmax g((r: zg)u,neu (z)xUg (25 )

1<J, €L, jEL

) =1
2. 9~d+k =7 (g((r U)(z ])El/(c(z )XMC(Z7)))
3. 9d+k = min{0d+k, “0 }
4. zatr = (ug, uj7 1/1) formal introduction of the variable zg4
5. Z/{ Zd+k) =
Pl e v
end for
Output:

0 = Oqr, Ue (k) =Up(za1k), K=1,...,d =1

estimation of the parameters. The latter can be done effectively as the function
77! is known in closed form for many Archimedean families, e.g., for the Clayton
and Gumbel families listed in Table [I} cf. [23]. As we will see in Section [4] the
estimator is comparably fast to compute, at least if d is not too large. Theoretically,
Spearman’s rho or Blomqvist’s beta could be considered for this task as well despite
the fact that these rank correlation measures are much less popular in this domain.
It is also known that Kendall’s tau works well in comparison to Blomqvist’s beta;
see [26].

If g is set to be the average function then 75 8(0)) = g((~ U)(m)eu (Z7)Xuc(z7))
(,7 are the indices found in Step 1 of Algorithm ' is an unbiased estimator of
7(0%), and thus the structure determination is based only on unbiased estimators,
which is another favorable property of the proposed method. Note that recently
an approach allowing for consistent estimation of all parameters of a HAC been
published [18]. Its comparison with the approach presented here is a topic of future

research.

In order to fulfill the sufficient nesting condition, the parameter §d+ & is trimmed
in Step 3 in order to obtain a proper d-HAC. Note that one can allow the generators
to be from different Archimedean families. However, this case is more complex and
we do not address it in this paper; see [21}22].

Note that Algorithm [3]is a variation of the algorithm for agglomerative hierar-
chical clustering (AHC) [0} p. 414]. Defining d;; = 1 — 7/}, d;; is a commonly used
distance between the random variables U;, U;. Setting g to be the aggregation func-
tion minimum, average or maximum, the algorithm results in complete-linkage,
average-linkage or single-linkage AHC, respectively [0l p. 414]. As many types of
statistical software include an implementation of AHC, the implementation of the
proposed algorithm is straightforward. Moreover, adding the dendrogram obtained
during AHC simplifies the interpretation of the estimator; see Figure[§]in Section
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4 Experiments on simulated data
4.1 Design of the performed experiments

In this section, we compare our methods for HAC estimation based on Algorithm
[3] with several methods presented in [43], which are implemented in R, see [45]. As
we are interested in binary structured HACs, we choose for the comparison the
methods i, OrML, Thin, Which return binary structured HAC estimates as their
results (note that the Ogyp, method also allows for non-binary structured HACs
estimation). The first two methods are based on the ML estimation technique,
whereas the third method is based on the 6 — 7 relationship. Our methods are
denoted by 7t 78 and 774%, i.e., the involved function g, see Algorithm
is selected to be the minimum, maximum and average, respectively. The first two
functions are selected as they represent “extremes” of I-aggregation functions. The
last function is selected due to the reasons mentioned in Section [3.2] i.e., if g is
the average function, the structure determination is based on unbiased estimates
of 7(0),k=1,...d— 1.

The comparison is performed on simulated data for d € {5,6,7,9}. We se-
lected the maximal dimension d = 9 for two reasons. The first reason is that the
results for d > 9 do not bring any surprising information about the differences
among the considered methods. The second reason is that, for d < 9, the obtained
structure estimate representations (described in the following paragraph) involve
single-digit numbers only, which allows for more concise notation. We simulated
N = 1000 samples of size n = 500 according to [23] for 4 copula models based on
Clayton generators. Our choice of the Clayton family of generators was due to the
intended comparison of our method with the above-mentioned methods that are
implemented for the Gumbel and Clayton family of generators only. The Clayton
family of generators was chosen arbitrarily from these two after we have experi-
mented with both families and have found out that results for both of them are
similar.

The first considered model is ((12)% (3(45)%)%)%. The natural numbers in the
model notation (as in [43]) are the indexes of the copula variables, i.e., 1,...5,
the parentheses correspond to each Ug(-) of individual copulas, i.e., Uc (1) =
{1,2,3,4,5},Uc(v2) = {3,4,5} Uc(vs) = {1,2},Uc(va) = {4,5}, and the sub-
scripts are the model parameters, i.e, (61,02,03,04) = (%, %, %, %). Note that the
indices of the 4 generators could be permuted arbitrarily, and our particular se-
lection of their ordering just serves for better illustration. The other 3 models
are given with analogously by (1((23)% (4(56)%)%)%)%, (1((23)% (4(5(67) % ) %)%)%)%

and ((1(2(34)s) )s ((56)% (7(89)%)%)%)%. The smallest difference between the pa-

5 )4

4" 4

rameters is set to % and the values of the parameters are set in the way that the
sufficient nesting condition is satisfied for each parent-child pair of the generators.
As we discovered while experimenting with different parametrizations, a larger
difference in the parameters could hide the impact of the bias in most of the
methods of [43] on the structure determination, and the results obtained by dif-
ferent methods can be similar for those parametrizations. Smaller differences than
% were not necessary as setting them to % fully reveals the impact of the bias
and clearly shows the difference among the methods. This fact is illustrated in the
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following subsection in the part where the methods are assessed in terms of ability
to determine the true copula structure.

4.2 Results of the experiments

The results for d € {5, 6} are shown in Tables[2]and[@] where the first table concerns
the structures determined by the methods, whereas the second table concerns
goodness-of-fit of the HACs estimated by the methods and time consumption of
the methods. Similarly, the results for d € {7,9} are shown in Tables[3|and[5] Result
for different models are separated by double lines. Note that all experiments were
performed on a PC with Intel Core 2.3 GHz CPU and 4GB RAM. As 6giy, failed
in most cases for d =9 on the described hardware configuration, the result of the
method for this dimension is not presented.

The third column in Tables 2] and Bl shows the number of different estimated
copula structures (denoted #d.s.) in N = 1000 runs of the considered method.
The value gives us information on how much the resulting estimated structure
varies for a given method and model. The lower the value is, the more stable
the structure determination can be considered. For d = 5,6, 6;, and Orng, show
the strongest stability, whereas 7p;, shows the weakest stability. For d = 7, the
situation slightly changes and 6y;, and 7, clearly represent two extremes — the
first showing substantially stronger stability than the remaining methods and the
latter represents the opposite. As the dimension increases, we observe comparably
increasing stability for 7; % until it reaches the best stability for d = 9. In all

considered dimensions, we observe that mi, - shows slightly worse stability than

T{)?riln and Tgivng.

The next two columns in Tables |2| and |3| address the ability of the methods
to determine the true copula structure. The fourth column shows the three most
frequent structures obtained by the method (if the true structure is not one of three
the most frequent structures, then we add it in the fourth row corresponding to the
method) with average parameter values. The true structure is emphasized by bold
text. The fifth column shows the frequency of the true structure in all estimated

structures. The methods 72" and o8 dominate in the ability to determine the

true copula structure in all four cases (d € {5,6,7,9}). The 7i2* method ranks
as the third best, also in all four cases. The remaining methods show very poor
ability to detect the true structure, especially for d > 7. For example, for d = 7,
OrmL returned the true structure only 2 times out of 1000. For d = 9, the difference
between our and the remaining methods is most obvious. The worst performance
shows the 60;, method, which did not return any estimate with the true structure.
The 7p;, method, which returned 6.2%, is also substantially outperformed by all
of our methods.

The ability of the methods to determine the true copula structure is addition-
ally illustrated in Figure[3] which shows the frequency of the true structure in 1000
estimated structures for the considered methods, for sample sizes 10, 20, ..., 500 and
for the differences in the parameters set consecutively to 1, %, %, %, namely for four
5-HAC models ((12)3+q(3(45)4xq)3+q)2+q With ¢ = 1, 2, . 2 respectively. For ¢ = 1,
we observe that the frequency of the true structure for the considered sample sizes
is similar for all the considered methods except the gy, method and approaches
to 100% as the sample size increases. For gy, the frequency never exceeds 55%

in
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Table 2 The first part of the results for the copula models for d € {5,6}. The columns
contain: method denotation; total number of different estimated structures (#d.s); the 3 most
frequent estimated structures with average parameter values; frequency of the true structure
in all estimated structures (in %). The values corresponding to the true structure are in bold.

d | Method #d.s.  Structure(s) %

5 | Obin 9 (3((12)0.77(45)1.00)0.75)0.24 78.7
((12)0.68(3(45)1.03)0.73)0.68 19
(5((12)0.78(34)0.91)0.78)0.24 0.8

OrML 9 ((12)0.71(3(45)1.01)0.78)0.53 49.7
((45)1.00(3(12)0.80)0.72)0.62 47.1
(3((12)0.89(45)0.83)0.54)0.53 1.2

Thin 20 ((12)0.81(3(45)1.01)0.93)0.89 45.3
(1(2(3(45)1.02)0.93)0.78)0.86 22.2
(2(1(3(45)1.03)0.93)0.78)0.85 20.9

Thin . 11 ((12)0.76(3(45)1.01)0.70)0.41 92
((12)0.75(5(34)0.92)0.74)0.40 3.4
((12)0.75(4(35)0.90)0.75)0.40 2.8

Thin 15 ((12)0.77(3(45)1.01)0.80)0.59 83.6
(1(2(3(45)1.06)0.82)0.66)0.61 3.9
((12)0.75(5(34)0.92)0.87)0.60 3.3

Toin 11 ((12)0.76(3(45)1.01)0.75)0.50 91.3
((12)0.75(5(34)0.92)0.80)0.50 3.4
((12)0.75(4(35)0.90)0.80)0.50 2.8

6 | Obin 14 (1(4((23)1.29(56)1.50)1.29)0.56)0.18 51.7
((14)0.57((23)1.25(56)1.49)1.25)0.57 24.2
(1((23)1.16(4(56)1.55)1.23)1.16)0.22 17.5

OrML 14 (1((56)1.50(4(23)1.30)1.21)1.08)0.51 473
(1((23)1.21(4(56)1.52)1.27)1.00)0.50 45
(1((23)1.22(5(46)1.39)1.31)1.01)0.50 2.2

Thin 26 (1(2(3(4(56)1.53)1.48)1.39)1.38)0.70 37.6
(1(3(2(4(56)1.54)1.50)1.41)1.40)0.70 36.7
(1((23)1.43(4(56)1.54)1.50)1.40)0.72 5.5

Thin 21 (1((23)1.26(4(56)1.52)1.20)0.88)0.43  83.6
(1((23)1.24(5(46)1.38)1.19)0.85)0.41 5.8
(1((23)1.27(6(45)1.47)1.24)0.88)0.44 3.6

Thin 22 (1((23)1.28(4(56)1.52)1.30)1.11)0.58 68.2
(1(2(3(4(56)1.52)1.31)1.16)1.12)0.57 7.4
(1(3(2(4(56)1.56)1.34)1.17)1.11)0.59 6.5

T 21 (1((23)1.26(4(56)1.52)1.25)1.00)0.50  83.1
(1((23)1.24(5(46)1.38)1.25)0.98)0.49 5.7
(1((23)1.27(6(45)1.46)1.30)1.00)0.52 3.6

and the same holds for the remaining ¢ = 5, 3 }1 This fact indicates that, from a
certain level that is lower than 100%, the gy, method is not able to improve in
estimation of the true structure even with increasing sample size. Decreasing in q,
the difference between our methods and the remaining methods in the frequency
of the true structure for the considered sample sizes increases. We also observe
that the A2* and Tone methods are methods that most quickly approach to 100%
frequency of the true structure for for all ¢ = 1, 2 5 3, Z Whlle increasing the sam-
ple size. The third most successful method is clearly 7 for ¢ = 3, 1,1 For
the remaining methods and ¢ = 3, 4, the frequency of the true structure remains
below 70%, 60%, respectively. Surprisingly, for ¢ = 3, 4, the i, method shows
(approximately) decreasing frequency of the true structure with increasing sample

size for the sample sizes larger than (approximately) 200.
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Table 3 The first part of the results for the copula models for d € {7,9}. The columns
contain: method denotation; total number of different estimated structures (#d.s); the 3 most
frequent estimated structures with average parameter values; frequency of the true structure
in all estimated structures (in %). The values corresponding to the true structure are in bold.

d | Method | #d.s. Structure(s) %

7 | Obin 10 (1((23)1.00((45)1.01(67)1.01)0.96)0.78)0.16 82.4
((1(23)1.06)0.75((45)0.99(67)0.99)0.94)0.75 9.7
(1((67)0.88((23)1.01(45)1.05)0.91)0.87)0.16 3.1

OrRML 33 ((23)1.01(1((45)1.01(67)1.01)0.58)0.57)0.56 29.2
((67)1.00((23)1.08(1(45)0.93)0.77)0.63)0.63 16.7
((45)1.00((23)1.07(1(67)0.93)0.76)0.63)0.62 15.7
((1(23)0.77)0.53((45)1.01(67)1.02)0.77)0.53 0.2

Thin 97 ((1(23)1.01)0.96((45)1.06(67)1.05)1.00)1.03 13
(1((23)1.00((45)1.06(67)1.05)1.00)0.92)0.96 8.5
((1(23)1.00)0.95(4(5(67)1.05)0.99)0.99)1.03 8

Toin 22 ((1(23)1.02)0.70((45)1.01(67)1.01)0.67)0.38 87.5
((3(12)0.91)0.73((45)0.97(67)0.98)0.64)0.36 35
((2(13)0.91)0.75((45)1.02(67)1.02)0.68)0.37 2.6

Thin 38 ((1(23)1.02)0.80((45)1.01(67)1.01)0.83)0.63 72.5
((1(23)1.04)0.80(4(5(67)1.03)0.90)0.85)0.62 3.6
(1((23)1.00((45)1.05(67)1.04)0.86)0.72)0.68 3.4

e 20 ((1(23)1.02)0.75((45)1.01(67)1.01)0.75)0.50 85.5
((3(12)0.91)0.80((45)0.99(67)0.98)0.74)0.49 3.3
((2(13)0.91)0.80((45)1.01(67)1.02)0.76)0.50 2.7

9 | Opin 34 ((17)0.50((2(34)1.26)0.91((56)1.02(89)1.26)1.02)0.90)0.50 67.5
(1((2(34)1.25)0.87((56)0.96 (7(89)1.28)1.00)0.95)0.87)0.13 9.4
(1((56)0.88((2(34)1.26)0.96(7(89)1.29)0.96)0.93)0.71)0.12 5.3

Thin 116 ((1(2(34)1.27)1.21)1.07(5(6(7(89)1.28)1.20)1.09)1.09)1.11 13.2
((1(2(34)1.29)1.22)1.07(6(5(7(89)1.28)1.22)1.10)1.10)1.11 12.1
(1((2(34)1.26)1.19(5(6(7(89)1.30)1.23)1.12)1.11)1.05)1.03 114
((1(2(34)1.26)1.22)1.09((56)1.00(7(89)1.30)1.24)1.08)1.12 6.2

Toin 32 ((1(2(34)1.27)0.96)0.68((56)1.01(7(89)1.28)0.95)0.65)0.36  76.7
((1(2(34)1.24)0.91)0.66 ((56)1.00(9(78)1.16)0.98)0.65)0.35 4
((1(4(23)1.14)0.98)0.66 ((56)0.97(7(89)1.28)0.96)0.64)0.37 3.7

Thin 55 ((1(2(34)1.27)1.06)0.82((56)1.02(7(89)1.28)1.05)0.85)0.65 62.5
((1(2(34)1.30)1.06)0.81 (5(6(7(89)1.29)1.09)0.91)0.85)0.65 4.4
((1(2(34)1.25)1.05)0.84(6(5(7(89)1.33)1.09)0.93)0.89)0.65 3.8

T 26 ((1(2(34)1.27)1.01)0.75((56)1.01(7(89)1.28)1.00)0.75)0.50  78.7
((1(2(34)1.24)0.96)0.73((56)1.01(9(78)1.16)1.04)0.74)0.49 4.2
((1(4(23)1.14)1.03)0.73((56)0.98(7(89)1.28)1.00)0.75)0.50 3.8

Next, we assess the methods by means of goodness-of-fit. The results can be
seen in columns 3-6 in Tables [d and [f] where the averages and standard deviations
of four GoF statistics are shown. The values in each row correspond to the aver-
ages of the GoF statistics over all estimates with the structure corresponding to
the one shown in the same row in Tables ] and [3] The 4S, corresponds directly
to the statistics given by . By the lower index d in the notation, we accentuate
the fact that this is non-aggregated, i.e, “truly” d-dimensional statistics, as the
rest of the statistics, 2Smax, ,g(f)max  glC)max oo the aggregated (using max
function) statistics given by Definition 7| that are based on the bivariate statis-
tics Sh, 57(11(),57(10)’ respectively. The reason for choosing the maximum function
as the I-aggregation function g is that then this g-aggregated statistics can be
interpreted in the way that it evaluate how the estimate fits the data according

to its worst fitting bivariate margin. Observing the results, we see that the = °
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Table 4 The second part of the results for the copula models for d € {5,6}. The columns

contain: method denotation; GoF test statistics 4Sn, 257'%%,
average estimation time of one estimation process in s. The values corresponding to the true
structure are in bold. The values in parenthesis are the corresponding standard deviations.
The last row for each dimension and each method, denoted by false structures in the second
column, shows averages of the considered statistics over all estimates with structures different

to the true structure.

2S£lK)max’ 2Sgc’)max - the

d | Method 4Sn o Gmax 8 max o glOmax | e (in s)
5 | Obm 0.18 (0.09) _ 0.63 (0.29)  2.11 (0.4) 0.69 (0.29) | 0.079 (0.023)
0.11 (0.09) 0.38 (0.22) 0.51 (0.25) 0.35 (0.18)
0.20 (0.08)  0.76 (0.4) 2.84 (0.5) 0.82 (0.4)
false structures | 0.18 (0.09)  0.64 (0.29)  2.11 (0.5) 0.69 (0.29)
ORML 0.08 (0.06) 0.31 (0.19) 0.21 (0.09) 0.27 (0.13) | 0.172 (0.024)
0.10 (0.08)  0.36 (0.2) 0.50 (0.25)  0.33 (0.16)
0.08 (0.03)  0.34 (0.13)  0.45 (0.2) 0.33 (0.12)
false structures 0.10 (008) 0.37 (02) 0.50 (025) 0.33 (016)
Thin 0.25 (0.14) 0.43 (0.23) 1.22 (0.28) 0.51 (0.21) | 0.190 (0.008)
0.21 (0.13) 0.0 (0.22) 0.92 (0.26)  0.44 (0.21)
0.20 (0.12)  0.37 (0.2) 0.95 (0.27)  0.42 (0.18)
false structures 0.21 (013) 0.40 (022) 0.96 (027) 0.45 (02)
T 0.10 (0.07) 0.32 (0.18) 0.37 (0.2)  0.29 (0.15) | 0.065 (0.02)
0.10 (0.08)  0.33 (0.22) 0.43 (0.18)  0.31 (0.19)
0.09 (0.04)  0.31(0.15)  0.41 (0.14)  0.28 (0.17)
false structures | 0.10 (0.06)  0.33(0.18)  0.47 (0.22)  0.32 (0.18)
Toax 0.08 (0.05) 0.30 (0.17) 0.28 (0.15) 0.26 (0.13) | 0.062 (0.02)
0.09 (0.07)  0.32(0.18) 0.33(0.14)  0.31 (0.18)
0.09 (0.06)  0.35 (0.22)  0.31 (0.15)  0.32 (0.16)
false structures | 0.09 (0.06)  0.33(0.18)  0.36 (0.18)  0.32 (0.16)
TvE 0.07 (0.04) 0.29 (0.16) 0.18 (0.07) 0.26 (0.13) | 0.06 (0.001)
0.07 (0.04)  0.31 (0.2) 0.20 (0.07)  0.29 (0.14)
0.07 (0.04) 0.30 (0.16) 0.19 (0.05) 0.26 (0.15)
false structures | 0.07 (0.04) 0.29(0.17)  0.20 (0.08)  0.26 (0.14)
6 | Obin 0.40 (0.22) _ 0.72 (0.4) 1.99 (0.4) 0.87 (0.4) 0.127 (0.026)
0.13 (0.09)  0.57 (0.28)  1.74 (0.5) 0.72 (0.3)
0.19 (0.16) 0.51 (0.26) 1.20 (0.3)  0.49 (0.23)
false structures 0.32 (023) 0.67 (04) 1.92 (04) 0.82 (04)
ORML 0.09 (0.08)  0.36 (0.23) _ 0.31 (0.14)  0.31 (0.16) | 1.5 (0.7)
0.09 (0.08) 0.34 (0.21) 0.22 (0.09) 0.28 (0.14)
0.10 (0.06)  0.33 (0.19)  0.21 (0.07)  0.26 (0.14)
false structures | 0.10 (0.08)  0.37 (0.24)  0.31 (0.14)  0.32 (0.16)
Toin 0.21 (0.13) _ 0.39 (0.23) _ 0.65 (0.17) _ 0.45 (0.19) | 0.312 (0.007)
0.19 (0.12)  0.36 (0.2) 0.65 (0.18)  0.41 (0.17)
0.17 (0.1)  0.36 (0.18) 0.69 (0.18) 0.44 (0.15)
false structures | 0.20 (0.13)  0.38 (0.22)  0.65 (0.18)  0.43 (0.18)
T 0.10 (0.07) 0.34 (0.21) 0.34 (0.14) 0.31 (0.16) | 0.09 (0.002)
0.11 (0.07)  0.35 (0.18)  0.35 (0.12)  0.33 (0.15)
0.12 (0.1) 0.38 (0.21)  0.37 (0.14)  0.36 (0.14)
false structures 0.10 (007) 0.34 (019) 0.39 (016) 0.33 (015)
Tmax 0.08 (0.05) 0.32 (0.2) _ 0.27 (0.12) 0.29 (0.13) | 0.096 (0.0025)
0.08 (0.04)  0.30 (0.17)  0.29 (0.11)  0.28 (0.11)
0.09 (0.05)  0.33 (0.18)  0.30 (0.12)  0.29 (0.12)
false structures 0.09 (006) 0.32 (018) 0.30 (011) 0.29 (013)
s 0.07 (0.04) 0.31 (0.19) 0.17 (0.05) 0.27 (0.13) | 0.093 (0.0021)
0.07 (0.04)  0.33 (0.18)  0.18 (0.05)  0.28 (0.12)
0.08 (0.07)  0.35 (0.19)  0.18 (0.05)  0.30 (0.12)
false structures | 0.07 (0.05)  0.31 (0.17)  0.18 (0.05)  0.28 (0.12)
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Table 5 The second part of the results for the copula models for d € {7,9}. The columns
contain: method denotation; GoF test statistics 4Sn, 257'%%, gSﬁlK) max QSgC) mAX - the
average estimation time of one estimation process in s. The values corresponding to the true
structure are in bold. The values in parenthesis are the corresponding standard deviations.
The last row for each dimension and each method, denoted by false structures in the second
column, shows averages of the considered statistics over all estimates with structures different
to the true structure.

d | Method 4Sn o §max pS I max ) gl max | e (in s)
7 | Oom 0.14 (0.06) 0.80 (0.3) 3.01 (0.5) 0.86 (0.3) 0.190 (0.028)
0.16 (0.15)  0.51 (0.27) 0.89 (0.4)  0.49 (0.23)
0.13 (0.04) 0.74 (0.28)  3.04 (0.5) 0.81 (0.28)
fatse structures | 0.15 (0.06) 0.81 (0.3) 3.02 (0.6) 0.87 (0.4)
OrniL 0.07 (0.05) 0.42 (0.2) 0.53 (0.2) 0.39 (0.17) | 7.4 (8)
0.07 (0.05) 043 (0.21)  0.66 (0.29)  0.42 (0.18)
0.07 (0.05) 045 (0.22)  0.65(0.27)  0.42 (0.18)
0.07 (0.04)  0.34 (0.01) 0.34 (0.14) 0.26 (0.06)
false structures | 0.07 (0.05) 0.44 (0.21)  0.59 (0.24)  0.41 (0.18)
Thin 0.40 (0.16)  0.62 (0.27) 2.07 (0.4) _ 0.80 (0.23) | 0.470 (0.009)
0.33 (0.16) 0.56 (0.3) 1.43 (0.26)  0.65 (0.26)
0.41 (0.16) 0.64 (0.3) 2.03 (0.4) 0.84 (0.28)
false structures | 0.36 (0.16) 0.59 (0.29)  1.75 (0.4) 0.74 (0.28)
min 0.10 (0.06)  0.38 (0.2)  0.53 (0.22) 0.35 (0.17) | 0.128 (0.003)
0.09 (0.05) 0.36 (0.13)  0.59 (0.2) 0.33 (0.12)
0.11 (0.07) 0.43 (0.18)  0.67 (0.3) 0.38 (0.16)
false structures | 0.10 (0.06) 0.39 (0.16)  0.63 (0.3) 0.37 (0.16)
Tmax 0.07 (0.05) _ 0.36 (0.2)  0.43 (0.19) 0.34 (0.16) | 0.129 (0.003)
0.09 (0.05) 0.46 (0.23)  0.50 (0.22)  0.43 (0.15)
0.07 (0.04) 0.33 (0.11)  0.54 (0.2) 0.34 (0.11)
false structures | 0.08 (0.05) 0.37 (0.2) 0.50 (0.21)  0.35 (0.16)
e 0.04 (0.025) 0.33 (0.18) 0.22 (0.08) 0.29 (0.13) | 0.135 (0.004)
0.04 (0.018)  0.32 (0.15)  0.23 (0.06)  0.28 (0.11)
0.05 (0.028)  0.36 (0.15)  0.25 (0.1) 0.29 (0.12)
false structures | 0.05 (0.02) 0.33 (0.14)  0.24 (0.08)  0.29 (0.12)
9 | Obmn 0.08 (0.05) 0.71 (0.3) 1.71 (0.5) 0.79 (0.28) | 0.467 (0.028)
0.12 (0.05) 0.98 (0.4) 3.61 (0.6) 1.04 (0.4)
0.13 (0.04) 0.99 (0.4) 3.79 (0.5) 1.05 (0.4)
fatse structures | 0.10 (0.06) 0.79 (0.4) 2.32 (1.2) 0.87 (0.3)
Toin 0.53 (0.19) 0.75 (0.3) 2.52 (0.4) 0.99 (0.3) 0.726 (0.011)
0.51 (0.16) 0.71 (0.29)  2.65 (0.5) 1.01 (0.26)
0.46 (0.14) 0.65 (0.28)  1.96 (0.3) 0.82 (0.23)
0.51 (0.18)  0.72 (0.3)  2.60 (0.5)  0.98 (0.3)
false structures | 0.49 (0.17) 0.71 (0.3) 2.22 (0.5) 0.92 (0.29)
Tm 0.10 (0.05)  0.44 (0.14) 0.66 (0.21) 0.42 (0.12) | 0.195 (0.004)
0.09 (0.06) 042 (0.23)  0.65 (0.26)  0.39 (0.2)
0.10 (0.05) 0.44 (0.14)  0.66 (0.21)  0.42 (0.12)
fatse structures | 0.10 (0.06) 0.44 (0.2) 0.71 (0.26)  0.42 (0.19)
X 0.07 (0.05)  0.41 (0.2)  0.54 (0.21) 0.38 (0.16) | 0.198 (0.004)
0.07 (0.03) 0.40 (0.18)  0.51 (0.22)  0.40 (0.14)
0.07 (0.05) 0.41 (0.2) 0.54 (0.21)  0.38 (0.16)
false structures | 0.08 (0.05) 0.43 (0.2) 0.57 (0.23)  0.40 (0.16)
TVE 0.03 (0.02)  0.38 (0.18) 0.25 (0.08) 0.33 (0.13) | 0.205 (0.013)
0.03 (0.02) 0.37 (0.19)  0.27 (0.08)  0.32 (0.16)
0.04 (0.02) 0.40 (0.17)  0.26 (0.07)  0.35 (0.13)
false structures | 0.04 (0.017)  0.39 (0.18)  0.27 (0.08)  0.34 (0.13)
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Fig. 3 The frequency of the true structure in 1000 estimated structures for the considered
methods, for sample sizes 10, 20, ...,500 and for the differences in the parameters set consecu-

tively to 1, %, %, i, i.e., for four 5-HAC models ((12)3xq(3(45)4xq)3+q)2+q With ¢ =1, %, %, i,
respectively.

method dominates in GoF in all four dimensions. The methods Ormr and 7™
show good results as well, but the time consumption of Ognp, for comparable re-
sults is considerably higher (especially for d = 7). A surprising result shows the
Té?riln method. Despite it shows very good ability in estimating the true structure,
it is ranked as the third best in GoF, i.e., it shows the results opposite to 752,
which is very good in GoF but is ranked as the third in the ability to estimate
the true structure. Here, it is worth to note that 7, ° performs very good both in
the ability to determine the true structure and in GoF. The remaining methods
show poor results, what is additionally illustrated by the discrepancy between the
estimated average parameter values shown in the fourth column in Tables [2| and
and the true parameter values.

The last row for each dimension and each method in Tables [4] and |5, denoted
by false structures in the second column, shows averages of the considered statistics
over all estimates with structures different to the true structure, say false structured
estimates. These results allow for studying the performance of the methods when
the true structure is misspecified. Comparing the results for the false structured
estimates among the considered methods, we observe that the T]:ivng method shows
the lowest values for each dimension and statistic considered. The second and
the third lowest values show alternately the Ognyr and 2™ methods for each

d € {5,6,7} and statistics considered. The fourth lowest values mostly shows the
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730 method. For the remaining two methods, the results are varying. Summarizing
these results, a false structured HAC estimate fits the best to the data if it is
obtained by the 7# method.

The last column in Tables [4 and [5] shows the average computing time needed
for a single estimation process. In this case, 7min  pmax, Tong show similar results
that are slightly better than the binary methods Oyin, Thin, Whereas gy, shows

substantially (several times) higher time consumption, particularly for d > 6.

Based on all experimental results presented in this section, we can rank the
presented methods as follows:

1. the 7} method only. We can claim that this method is the clear winner out of
all here presented methods. It shows the best results in goodness-of-fit, even for
the cases when the true structure is not determined; it is also one of the two best
methods (together with 7{#i") in the evaluation of the ability to determine the
true structure, including the analysis of this ability for different sample sizes; it
offers comparably low run-time (together with 75" and 7%2%); its stability in
structure determination increases in d if compared to the remaining methods.

2. the methods 73" 783X These methods show in some comparisons results
similar to 71,2, e.g., 74" in the ability to determine the true structure, however,
in other comparisons, e.g., in goodness-of-fit, these methods show worse results
than 718

3. the gy, method only. This method shows, on the one hand, comparably good
results in goodness-of-fit (mostly similar to 7;2*), on the other hand, it show
poor results in the ability to determine the true structure, particularly when
analyzed for the different sample sizes, and its run-time is substantially higher
than the run-time of all other considered methods.

4. the methods 0y, and 7pi,. These methods score poorly in most of the presented

comparisons.

Note that a similar experiment was reported in [20], where N = 100 was used
instead. Comparing the results of both experiments, we see that they are almost
the same for d = 5,6. For the two higher dimensions d = 7,9, the results show
several rather smaller differences, mostly for rarely occurring estimated structures.

Considering the 7, # method, the results in both experiments for the same statis-
tics considered, i.e., 2SS ™** (@™ (Genoted by S, SL, respectively, in

[20]) and frequencies of the 3 most frequent estimated structures, are almost the
same for the considered dimensions.

5 Copula-based Bayesian classification
5.1 Construction of copula-based Bayesian classifiers

Bayesian classifiers belong to the most popular classifiers and are used for pat-
tern recognition in several image processing, statistical learning and data mining
applications. Here we briefly recall some basics for Bayesian classifiers and a way
how copulas could be integrated in them as proposed in [47]. Later we describe
experiments that involve Bayesian classifiers based on Gaussian copulas, ACs or
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HACGs. Note that we introduce Bayesian classifiers based on ACs and HACs here
for the first time.

Let 2 = {w1,...,wm} be a finite set of m classes. The problem of classification is
to assign each x from the variable space R? to a class from 2. A Bayesian classifier
is said to assign x to the class wj if,

gi(x) > gj(x) for all j # i, (28)
where g; : RY — R,i = 1,...,m are known as discriminant functions, [47], defined by

f(xlw)Plwi)
doiny f(xlwy)P(wy)

9i(%) = P(wilx) = (29)

Here, f : R% — [0, 00) is a probability density function (pdf) and P(w;),i =1,...,m
are the prior probabilities of the classes from {2 . Since any monotonically in-
creasing function @ : R — R keeps the classification unaltered, the discriminant
functions can be simplified by g; := Q o g; with Q(t) = In(¢t X7, f(x|w;) P(w;))
from (29) to

9i(x) = In f(x|w;) + InP(w;). (30)

If f(x|w;) is assumed to be, e.g., a Gaussian pdf (leading to the normal Bayesian
classifier [9, p. 242]), all the margins are distributed according to the same type
of distribution. It follows that the corresponding classifier does not accurately
classify samples with marginal distributions of different types. This drawback can
be addressed by assuming the variables to be independent. This assumption, which
leads to the Naive Bayesian classifier [9], p. 241], does not impose any restrictions
on the margins. However, if there exists dependence among the variables, the
Naive Bayesian classifier is also inappropriate for the task. An elegant solution
that overcomes the drawbacks of both mentioned approaches can be achieved by
bringing copulas into play.

Provided H in is an absolutely continuous multivariate distribution function
with marginals F1, ..., Fy, the pdf f of H can be expressed as

d
F@1,mq) = e(Fi(21), o, Fa(wq)) [] frzn), (31)
k=1
_ 9%C(uy,...,uq) .
where c(ui,...,uq) = "B, 5, denotes the density of the copula C(u, ..., uq)

and f;, denotes the density of F,, k =1, ...,d. Returning to , f(x|w;) can then
be rewritten as

d
F(xlwi) = e(Fi(@1]wi), -, Fa(zglwi)lwi) [T fr(@nlwn), (32)

k=1

which turns into

d
9i(x) = In (c(F1 (w1]w;), ooy Fa(walws)|wi))) + Y In(fr(wglws)) + In(P(ws)).  (33)
k=1
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In this way, the discriminant function g; is represented using three ingredients: the

conditional copula density c(-|w;), the conditional marginal densities fi(-|w;), ..., fa(:|wi),

and the prior probability P(w;). These ingredients do not impose any restrictions on
each other, hence, any assumption made on the dependence structure represented
by the copula density c(-|w;) is unrelated to assumptions made on the marginal
distributions fi (-|w;), ..., fa(-|w;). This flexibility overcomes the mentioned draw-
backs of the normal and the Naive Bayesian classifier, which is also confirmed by
the experimental results presented in Section

The training of such a copula-based Bayesian classifier can be performed for
each class w;,i = 1,...m, separately as follows. Let X’ be training data correspond-

ing to the class w;. Compute parametric or non-parametric estimates £ (-|w;), ..., Fiy(+|w;)

based on X!. Compute a parametric or non-parametric estimate C(-|w;) based
on X'. Compute an estimate P(w;) of P(w;) as the proportion of the class w; in
the training data {X',...,X™}. The triplet (C(-lw;); F1(-Jws), ., Fg(-lws); Pw;))
uniquely determines the discriminant function g;.

5.2 Evaluation of the accuracy of copula-based Bayesian classifiers

In what follows, we evaluate the accuracy of such copula-based Bayesian classi-
fiers (CBCs). Note that a similar evaluation study have been conducted only for
Gaussian copula-based classifiers (against SVM) and only for simulated data; see
[47]. On real-world data, all here presented CBCs are evaluated for the first time.

We construct three types of CBCs, each type involving different classes of
copulas:

— a Gaussian copula-based Bayesian classifier (GCBC). For any GCBC, it is
assumed that C(-|w;) is a Gaussian copula. The computation of the estimator of
C(-|w;) is described in [5] and is implemented by the Matlab’s Statistics toolbox
function copulafit. We used all the arguments of copulafit with their default
values

— an AC-based Bayesian classifier (ACBC). For any ACBC, it is assumed
that C(-Jw;) is an AC. Given a family of generators, the copula parameter
is estimated by the inversion of pairwise Kendall’s tau, see . In our ex-
periments, we used the families listed in Table |1} however, an ACBC is not
restricted to them. A family is considered as an input parameter of a ACBC
and we selected the family of C(-|w;) based on a 10-fold cross-validation. Note
that for d > 3, ACs based on the Laplace-Stieltjes transform generators are
generally unable to model negative dependencies [22], i.e., the cases where
7x,y < 0 for some random variables X and Y. If X and Y are continuous
then 7_xy = 7x,_y = —7x,y. We employ this fact and invert, i.e., X := - X,
some of the variables to reduce the negative dependence among the variables
using Algorithm [4] i.e., in each sample X?,i = 1,...,m, we inverted columns
corresponding to the indices in Z obtained by Algorithm with Input 1) given
X := X’. Note that even if we do not have a proof that it is possible to reduce,
using this inverting process, the negative dependence to an extent that 6, > 0
is satisfied, we were able to get 6, > 0 in all performed experiments.

— a HAC-based Bayesian classifier (HACBC). For any HACBC, it is assumed
that C(-|w;) is an HAC. Given a family, the copula estimation is based on the
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Algorithm 4 Inverting procedure

Input:

1) X ... a sample from the r.v. (X1,..., Xg4), X; is continuous for all ¢ =1, ...,d,

2) denote by 7(X) the value of >°, ., ;<4 77, where (7]%) is a sample version of Kendall
correlation matrix computed for X

3) denote by X~ the sample data X with the i-th column inverted

HZT=0

The inverting procedure:
1. 7:=—o00
while 7(X) > 7 do

2. 7:=7(X)

3.4:= argmax 7(X])
je{l,...,d}

4.7 :=7TU{i}

5. X = X[

end while
6. Z := Z\{4} ... remove the last added index

Output:
The set of indices Z

procedure described in Section [3.2] which is summarized by Algorithm [3} The
[-aggregation function g is set to be the average function. The choice of this
function is based on the results presented in Section[d] As for ACBCs, we use in
our experiments the families listed in Table [l Which particular among those 3
families to use is considered an input parameter of a HACBC and we selected
the family of C(-|w;) based on a 10-fold cross-validation. As HACs based on
the Laplace-Stieltjes transform generators are also generally unable to model
negative dependencies, which is a property they inherit from ACs, we use the
same inverting process for the variables as described above for the ACBC type.
However, contrarily to the ACBC case, we were sometimes not able to reduce
the negative dependence to an extent that ék >0forall k € {1,...,d—1}, where
0 is the parameter estimate computed in Step 2 of Algorithm [3| Consider a
Kendall correlation matrix (7;5) € [~1, 144 with 774 = 75y = 0.5, 7]% = 78 =
o4 = 0 and 7{4 = —0.1. The reader can easily see that, whichever variable is
inverted or if all variables are left unchanged, the argument of 7 *(-) in Step 2
of Algorithm [3]is negative at least for one k € {1, 2,3} providing g is the average
function. For the latter case, we would obtain, using Algorithm [3} a 4-PNAC
estimate ((12),, (34)52)93, where 7(61) = 7(f2) = 0.5 and 7(d3) = —0.025. Due
to this fact, we use max(0, ék) instead of ), computed in Step 2 of Algorithm
Bl

The estimates Fy (+|w;), ..., Fjy(-|w;) of the margins are computed in the same way

for all above-mentioned classifiers using the Kernel smoothing function ksdensity
in Matlab with the parameter function set to cdf. Note that, if fitting a GCBC,
these estimates are also used for transforming the data to [0, 1]. If fitting an ACBC
or a HACBC, the transformation of the the data to [0, 1] is not necessary, because
the corresponding copula estimation process is based just on the sample version
of the Kendall correlation matrix.
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These CBCs are compared in terms of accuracy with four non-copula-based
classifiers and one copula-based classifier, which are all available in Matlab’s Sta-
tistical toolbox. These are:

1. the Classification and regression trees method [7], which is implemented by
the class ClassificationTree and is referred as CART in the following. Each
classification tree was first trained to the deepest possible level and then it
was pruned to the optimal level, obtained by the function test, using the
crossvalidate method;

2. an ensemble method based on bagging of classification trees [6]. The classi-
fier, referred as TREEBAG in the following, is implemented by the func-
tion fitensemble with its parameters Method set to Bag and Learners set
to ClassificationTree.template(’MinLeaf’, MinLeaf), respectively. In each
training phase, we tuned the parameters NLearn and MinLeaf as they shown
to be most influential on the accuracy. From all pairs (NLearn, MinLeaf) €
{1,...,200} x {1,...,5}, we always chose the pair corresponding to the highest
accuracy based on a 10-fold cross-validation.

3. an ensemble method based on boosting of classification trees [12]. The classi-
fier, referred as ADABOOST in the following, is implemented by the function
fitensemble with its parameters Method set to AdaBoostM1 (for the datasets
with two classes and AdaBoostM2 for the datasets with three or more classes)
and Learners set to ClassificationTree.template(’MinLeaf’, MinLeaf), re-
spectively. In each training phase, we tuned the parameters NLearn and MinLeaf
in the same way as for TREEBAG.

4. a support vector machine [53]. The classifier, referred as SVM in the following,
is implemented by the function smvtrain. The parameter KernelFunction is
set to rbf as this setting provided the highest accuracy on the considered
datasets. In each training phase, we tuned the parameters boxconstraint and
rbf_sigma as they shown to be most influential on the accuracy. The parameters
were tuned using unconstrained nonlinear optimization (implemented by the
function fminsearch) in order to get the maximal accuracy computed based on
a 10-fold cross-validation. To search for a global maximum, we always repeated
the optimization task 5 times, each time with different initial values of the
parameters.

5. the Naive Bayes classifier, which is actually a CBC that assumes independence
copulas C’(-|wi),i =1,...,m and is referred as NAIVE in the following. We used
the implementation by the function fitNaiveBayes and in each training phase,
we tuned the parameter Distribution. Its value (normal or kernel) was chosen
based on a 10-fold cross-validation. Default parameters are used otherwise.

All in all, we evaluate 8 classifiers on 6 commonly known datasets obtained
from the UCI Repository [3], namely on Iris (4 variables, i.e., d = 4), BankNote (4
variables), Vertebral (6 variables), Seeds (7 variables), BreastTissue (9 variables),
and Wine (13 variables), as well as on the dataset Appendicitis (7 variables) from
the KEEL-dataset repository [2], and on one dataset from a recent real-world ap-
plication in catalysis [41] (we refer to the last dataset as Catalysis), which contains
4 variables. The variables in the Catalysis dataset are proportions of oxides of the
metals La, Pt, Ag, Au used during the conversion of methane and ammonia to
hydrocyanic (HCN) acid [41]. As most of the UCI and the KEEL datasets contain
3 classes, we have created arbitrarily 3 equi-frequent classes (low, medium, high)
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also for the Catalysis dataset using the continuous output variable HCN yield.
These datasets are selected in order to every considered classifier could be appli-
cable to every dataset. Particularly, as CBCs require continuous input variables,
all datasets include only such input variables. Moreover, as using HACBC classi-
fiers is challenging in higher dimensions as described below in detail, we preferred
low-dimensional datasets.

The accuracy computation for a given classifier and a given dataset is based
on a 10-fold cross-validation and repeated 10 times, more precisely, each classifier
except GCBC was tuned and trained 100 times and each tuning of its parameter(s)
involved another “inner” 10-fold cross-validation, by which we refer to the cross-
validation that is mentioned in the description of the classifier. All computations
were performed in Matlab on a PC with Intel Core 2.3 GHz CPU and 4GB RAM.

Here we must mention the most serious restriction we faced when using a
HACBC. Such classifier relies on discriminant functions g;, 1,...,m given by ,
each involving the density of a HAC estimate C (-;w;). To assign new data to one of
the m classes, d partial derivatives for each C' (-;w;) have to be evaluated. Consider
that complexity of such a density function quickly grows in d, which cause that
the time consumption of its evaluation exceeds reasonable limits already for d = 5,
particularly for families with a more complex generator, e.g., for the Frank family.
Note that this problem is similar to the problem of computation of the statistic
57(10) mentioned in Section To be able to evaluate our experiments in reasonable
time, we thus projected all datasets to d = 4, i.e., before any evaluation of all
classifiers on a dataset had started, we performed the feature selection and selected
only 4 variables from the dataset. With such a comparison of the classifiers on such
low-dimensional data presented below in Section we are able to demonstrate
capabilities of CBCs, particularly capabilities of HACBCs, when compared to other
well-known classifiers.

However, we are aware of the fact that such a comparison is too limited from
the practical point of view and it discriminates against the classifiers that eas-
ily scale up to high dimensions. For this reason, we provide another comparison
presented below in Section [5.4] where all the datasets are considered in their orig-
inal dimension. However, due to the above-mentioned reasons, such an evaluation
would not be viable for HACBCs for the datasets with d > 4, hence, we again
involve the feature selection, which is, in contrast to the first comparison, per-
formed on training data as a part of the training phase of a HACBC just before
tuning of its parameter. With this comparison, we aim to demonstrate applicabil-
ity of a HACBCs for data with d > 4 provided we deal with the above-mentioned
restriction using the feature selection.

Note that the feature selection was performed using the function sequentialfs
and we based the selection process on the discriminant analysis [36] implemented
by the function classify. The reason for choosing the discriminant analysis, i.e.,
a classifier that is different from all the evaluated classifiers, is that we tried not
to favour any of the evaluated classifiers. The feature selection process is indeed
performed for Appendicitis, BreastTissue, Seeds, Vertebral and Wine datasets. As
the Iris, BankNote and Catalysis datasets have all the dimension d = 4, evaluation
for these datasets does not involve the feature selection process and we include it
in both above-mentioned comparisons.

It is also important to note that the evaluation presented here is not meant
to be an exhaustive study of possibilities of CBCs. Rather, this study should be
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Fig. 4 The accuracy of the classifiers measured on 4-dimensional projections of the Appen-
dicitis, BreastTissue, Seeds, Vertebral and Wine datasets.

viewed as a first example considering applicability of ACs and HACs in Bayesian
classification, which shows that such classifiers, despite the above-mentioned re-
striction, provide simplicity and accuracy, as discussed below.

5.3 The first comparison (all datasets projected to d = 4 dimensions)

The accuracy of the classifiers computed on the datasets projected to d = 4 dimen-
sions using the feature selection is shown in Figures [d and [B] It can be observed
that there is not a clear winning classifier on all the datasets, what is not surpris-
ing in the context of the “No Free Lunch Theorem” [55]. However, some of the
classifiers score higher substantially more often then the others. This observation
is supported by the rankings of the classifiers in Table [6]

Each of classifiers is ranked according to its averaged accuracy: 1 stands for
the highest and 8 stand for the lowest averaged accuracy on the given dataset.
Observing the averages of these ranks — the average rank row in Table [6] — four
groups of the classifiers can be distinguished:

— the highest-ranked group - SVM (average rank = 2.875) and HACBC (2.875);
— the middle-high-ranked group - GCBC (3.625) and ACBC (3.875);
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Fig. 5 The accuracy (boxplot) of the classifiers measured on the Iris, BankNote and Catalysis
datasets.

Table 6 Rankings of the classifiers in the first comparison according to the averaged accuracy
on a given (1st column) dataset. The top-three ranks are in bold. The penultimate row shows
the average rank of a classifier. The last row shows how many times a classifier is ranked in
the top-three.
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— the middle-low-ranked group - NAIVE (5.25), TREEBAG (5.375) and AD-
ABOOST (5.125);
— the lowest-ranked group - CART (7).

This high-low ranking is also supported by another ranking — the top-three
ranking, which counts how many times a classifier is ranked among the three best.
We see that the classifiers from the highest-ranked and the middle-high-ranked
group reside more frequently in the top-three than the classifiers from the lowest-
ranked and the middle-low-ranked group.

If we divide the classifiers into four groups according to their type — 1) sim-
ple classifiers (CART and NAIVE), 2) ensemble classifiers (TREEBAG and AD-
ABOOST) 3) SVM 4) CBCs (GCBC, ACBC and HACBC) — we can also observe
the superiority of SVM and CBCs to the remaining types of classifiers. This is
illustrated by the first two rows of graphs in Figure [7] which show the boxplot of
the best 4 (according to the averaged accuracy) classifiers out of these four groups.
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Fig. 6 The accuracy of the classifiers measured on Appendicitis, BreastTissue, Seeds, Verte-
bral and Wine datasets.. The asterisk for HACBC emphasize that the feature selection was
performed for this classifier.

We can see that SVM and the best representative of the CBCs score better than
the best representatives of simple and ensemble classifiers on most of the datasets.

5.4 The second comparison (all datasets in their original dimension)

The accuracy of the classifiers computed on the datasets in their original dimension
except for the HACBCs is shown in Figures [f] and [} We again observe that there
is no classifier that wins on all the datasets. In contrast to the first comparison, we
observe that the difference between the two best ranked classifiers is substantially
higher, which is supported by the rankings of the classifiers in Table [7}

Now, observing the averages of the ranks in Table |7} again, four groups of the
classifiers similar to the first comparison can be distinguished, however, with one
important switch between the first two groups :

the highest-ranked group - SVM (average rank = 1.875);

the middle-high-ranked group - GCBC (4.5), ACBC (4) and HACBC (3.75);

— the middle-low-ranked group - NAIVE (5.375), TREEBAG (4.375) and AD-
ABOOST (5);

— the lowest-ranked group - CART (7.125).
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Table 7 Rankings of the classifiers in the second comparison according to the averaged accu-
racy on a given (Ist column) dataset. The top-three ranks are in bold. The penultimate row
shows the average rank of a classifier. The last row shows how many times a classifier is ranked
in the top-three. The asterisk for HACBC emphasize that the feature selection was performed
for this classifier.
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We see that HACBC substantially decreased in the ranking and it is now more
convenient to put it in the middle-high-ranked group. As addressed before, due
to the extreme time consumption of HACBCs in high dimensions, here presented
results for these classifiers involve the feature selection, which, on the one hand,
considerably influence their accuracy, on the other hand, allows for at least some
applicability of HACBCs in higher dimensions. The remaining classifiers show
results similar to the first comparison, again supported by the top-three ranking.

The supremacy of the SVM and the CBCs to other types of classifiers is again
observable, now illustrated by the second and the third row of the graphs in Figure
We again observe that SVM and the best representative of CBCs score better
than the best representatives of simple and ensemble classifiers on most of the
datasets.

We can conclude that, in these experiments, CBCs and particularly HACBC
classifiers have shown to be competitive for low-dimensional data with highly-
accurate classifiers like SVM or ensemble methods in terms of accuracy while
keeping the produced models rather comprehensible, as also discussed in Section
If there appears a way how to compute efficiently the density function of
a HAC, e.g., as the simplification of the density functions for the five popular
AC families presented in [25], it is possible that results similar to the results
for the HACBCs in low-dimensions could also be obtained for HACBCs in high-
dimensions.

Here, it is important to note that none of the results presented here must be
over-generalized and we recall that, when selecting the datasets, we selected the
ones with all continuous input variables and we also preferred low-dimensional
ones. Hence, the results, e.g., for ensemble methods, which are applicable to much
wider classes of data, must be considered with this in mind.

In further research, we will aim to confirm here presented results for the CBCs
on substantially larger amount of datasets produced by diverse applications. More-
over, as there exist many other copula classes, e.g., pair copulas [I], skew t-copulas
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Fig. 7 The accuracy of the representative classifiers on all considered datasets. The first row
and the second row of the graphs correspond to the first comparison described in Section [5
whereas the second row and the third row of the graphs correspond to the second comparlson
described in Section [5.4} The asterisk for HACBC emphasize that the feature selection was
performed for this cla551ﬁer.

[52], etc., which could be used for a CBC construction in the same way as for the
above-mentioned copula classes, we will also consider these CBC types. To put
CBCs more firmly into the framework of commonly used classifiers, CBCs should
be compared with other types of classifiers, e.g., neural-networks-based classi-
fiers, K-Nearest Neighbors, etc. Apart from accuracy and simplicity, the classifiers
should also be compared in terms of classification run-times and memory usage.

5.5 Note on Accuracy vs Comprehensibility

At this point, we want to consider the typical trade-off between the accuracy and
the comprehensibility of a classification model. In most cases, the accuracy of a
classification model grows at the expense of its comprehensibility. In our compari-
son, two easily comprehensible classifiers participate — CART and NAIVE — which,
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on the one hand, produce easy to understand models and, on the other hand, score
lower in the accuracy computed on the selected datasets. In contrast, the highly-
accurate classifier SVM produces highly complex models which, however, are not
so easy to understand.

From this point of view, CBCs could be, in our opinion, considered as a good
trade-off between those two extremes. On the one hand, we observe that the ac-
curacy of CBSs is close to the accuracy of SVM on low-dimensional data, on the
other hand, the models produced by the classifiers are also easily interpretable
with some knowledge of copulas.

Here we want to emphasize the HACBC classifiers, which produce models of
the joint dependency among the variables in the form of a HAC. As we know,
a HAC can be expressed as a tree-like graph. As an specific example, see Figure
The figure shows the HAC parameters and structure estimates for the classes
Setosa, Versicolor and Virginica in the Iris dataset that were obtained using Al-
gorithm [3] with the assumption that all the generators are from the Frank family.
The 61, ...,03 are the parameter values of each HAC estimate. The dendrogram-
like representation of the trees has the advantage that, instead of showing only
the structure of the HAC, it also visualize the strength of dependency among the
variables. This is because each generator node is vertically positioned according
the value of the Kendall’s tau that corresponds to its parameter. Such a repre-
sentation enables one (with some knowledge of HACs) to get fuller picture of the
dependencies among the variables than the standard HAC tree-like representa-
tion. It is worth mentioning that the dependencies also can be obtained from such
graphs in a more formal way as sentences of an observational calculus, as recently
proposed in [28].

6 Conclusion

We proposed a new approach to structure determination and parameter estimation
of hierarchical Archimedean copulas, which combines the advantages of existing
methods in terms of the correctly determined structures ratio, the goodness-of-fit
of the estimates, and run-time. This has been confirmed in several experiments
based on simulated data in different dimensions and copula models. The pro-
posed method is particularly attractive in lower-dimensional (d < 100) applications
where a good approximation and computational efficiency are crucial. However,
as the computation of Kendall’s tau for all pairs of data columns has complexity
O(d*nlogn), the approach becomes demanding in high dimensions. Also note that
the proposed method restricts to binary structured HACs, i.e., any d-HAC esti-
mate has d — 1 parameters. In high dimensions, substantially less parameters are
often required, hence, a generalization to non-binary structured HACs should also
be considered, e.g., in a way proposed in [43].
The presented work does not explicitly consider the following;:

1. The proposed method assumes all generators of the estimated HAC to be from
the same family, i.e., it assumes that a homogeneous HAC results from the es-
timation process. Despite the possibility of mixing different families in a HAC,
see [23], the estimation of such non-homogenous HACs has not been addressed
in the literature in detail except in [43], which, however, addresses this issue
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Fig. 8 The HAC estimates based on the Frank generators for the classes Setosa, Versicolor
and Virginica in Iris dataset. The 0 estimates are the parameters of the generators.

only briefly without any experimental results. From the construction of our es-
timation method, it becomes clear that it easily extends to non-homogeneous
HAC:Ss as long as the sufficient nesting condition is fulfilled;

2. Until now, all HAC estimation methods that estimate both the structure and
the parameters of a HAC, incorporate either ML estimator or estimator based
on the inversion of Kendall’s tau. However, there exist also different types
of estimation methods, e.g., estimation based on Blomqvists beta, Simulated
maximum-likelihood estimation, Minimum distance estimation or Diagonal
maximum-likelihood estimation, see [26], which have been originally designed
for the estimation of ACs, but could also be considered in HACs estimation.
Our estimation method is not restricted to the estimator based on the inversion
of Kendall’s tau and can easily be extended for using with other estimators
like the above-mentioned ones.

Additionally, we applied the proposed method to the construction of copula-
based Bayesian classifiers, which are experimentally compared with other types of
commonly used classifiers on several real-world datasets. Two types of such classi-
fiers, namely the AC-based and the HAC-based Bayesian classifiers, were evaluated
for the first time. Due to the restrictions addressed in Section applicability of
HAC-based Bayesian classifiers for high-dimensional data is limited, however, the
experimental results for low-dimensional data show that these classifiers are com-
petitive with highly-accurate classifiers like SVM or ensemble methods in terms of
accuracy while keeping the produced models rather comprehensible.
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